PINCHING AND TWISTING MARKOV PROCESSES

STEVEN N. EVANS AND RICHARD B. SOWERS

ABSTRACT. We develop a technique for “partially collapsing” one Markov pro-
cesses to produce another. The state space of the new Markov process is ob-
tained by a pinching operation that identifies points of the original state space
via an equivalence relation. To ensure that the new process is Markovian we
need to introduce a randomised twist according to an appropriate probability
kernel. Informally, this twist randomises over the uncollapsed region of the
state space when the process leaves the collapsed region. The Markovianity
of the new process is ensured by suitable intertwining relations between the
semigroup of the original process and the pinching and twising operations. We
construct the new Markov process, identify its resolvent and transition func-
tion and, under some natural assumptions, exhibit a core for its generator. We
also investigate its excursion decomposition. We apply our theory to a number
of examples, including Walsh’s spider and a process similar to one introduced
by Sowers in studying stochastic averaging.

Short Title: Pinching and twisting

1. INTRODUCTION

Walsh’s spider ([Wal78], see also [BEK198, BPY89, Tsi97]) can be thought of
informally as a Markov process whose state space is n copies of R ;. for some positive
integer n. The process evolves as reflecting Brownian motion on a given copy until
it hits the zero point of that copy, at which time it moves to the zero point of
some (possibly the same) copy of Ry, with the i*" copy being chosen with some
probability p; independently of the previous evolution. Of course, the way to begin
making rigorous sense of this prescription 1s to identify the n zero points of the
copies of R as a single point and get a state space that can be thought of as n
semi-infinite rays issuing from the origin in R? (cf. Example 1 below). In addition
to its intrinsic interest, the spider plays an important role in the work of Tsirelson
[Tsi97] on the structure of Brownian filtrations (see also [BEKT98]).

Also, spider—like processes are the fundamental building blocks for construct-
ing diffusions on graphs. Processes taking values on graphs appear in the work
of Freidlin and Wentzell [FW94] extending various classical stochastic averaging
results for PDE’s. A higher dimensional diffusion with a structure somewhat akin
to that of the spider plays a similar role in the related work of Sowers [Sow02] on
Hamiltonian systems perturbed by noise.
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Rather than introduce the particular process from [Sow02] now, we can describe
a slightly simplified version of it as follows. We begin with reflecting Brownian
motion on the unit ball in RY When the process hits the boundary of the unit ball
(that is, the unit sphere), it is instantaneously restarted at another uniformly chosen
point on the unit sphere. Again, the first step in making sense of this description as
a nice Markov process involves identifying the points on the unit sphere as a single
point. This identification turns the unit ball in R? into a new state space that
is homeomorphic to the unit sphere in R4*! (cf. Example 2 below). We discuss
the resulting process on the d-sphere in Example 2 below and consider the actual
process from [Sow02] in Example 3.

Some of the key reasons the process on the d—sphere described above is Markovian
are that the radial part of the original reflecting Brownian motion in the ball is
Markovian, that the process is given a random twist at a hitting time for the radial
part process, and that the randomisation is over a level set of the radial part map
(that is, a sphere). Similar features are behind the Markov property for the spider.
It is our aim in this paper to study a general construction that covers both of these
examples.

The results in this paper are also used in [BE02] to develop a general technique is
given for constructing new Markov processes from existing ones. The new process
and its state space are both projective limits of sequences built by an iterative
scheme. The space at each stage in the scheme is obtained by taking disjoint copies
of the space at the previous stage and quotienting to identify certain distinguished
points. Away from the distinguished points, the process at each stage evolves like
the one constructed at the previous stage on some copy of the previous state space,
but when the process hits a distinguished point it enters at random another of the
copies “pinned” at that point. Special cases of this construction produce diffusions
on fractal-like objects with interesting analytic properties that have been studied
recently.

Our effort is organised as follows. First, we shall define a general topological
setup involving a “pinching” map m that collapses an initial space E into the state
space E of the process we desire to construct (for example, the spider space or the
d-sphere). In order to construct a Markov process X on E we first introduce a
Markov process X on E and assume that the “pinching” operation intertwines in a
suitable way with the evolution dynamics of X (Hypothesis 2.6). More specifically,
the space F is decomposed into two pieces, a closed set A and its complement
E\ A. The pinching map = is injective on £\ A (intuitively, no pinching occurs on
E\ A), whereas it is generally not injective on A. The process X evolves according
to the dynamics of 7 o X when X is in the interior of either A and E'\ A, and our
intertwining assumption on mw ensures that these dynamics are Markovian.

To complete the description of )N(, we need to describe how X passes between
n(A) and w(F \ A) (which we can identify with E\ A). This is accomplished by
a “twist” operator K that describes the random mechanism by which =(E \ A) is
entered from m(A). In order that the resulting dynamics for X are Markovian, this
operator must also intertwine appropriately with the dynamics of X (Hypothesis
2.8).

Our basic result, Theorem 2.13, avers the existence of an appropriate Markov
process X on the desired space E. After discussing the random twist mechanism
and related intertwining assumptions, we study the generator of X and, under
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some simplifying assumptions, its excursion decomposition. Throughout our devel-
opment, we focus on a number of examples.

We should also mention that our construction is perhaps not as general as one
might like. The various intertwining relations mentioned above impose a certain
‘homogeneity’ on our processes. For example, we cannot use it to produce a pro-
cess like Walsh’s spider that evolves as an arbitrary Markov process on each leg
(see, however, the continuation of Example 1 in section 3 concerning processes like
Walsh’s spider that evolve as a different one-dimensional diffusion on each leg).

2. GENERAL SET-UP
2.1. Topological Structures. Consider the following setup.

Assumption 2.1 (Spaces). Let F and E be two Hausdorff, locally compact, second
countable topological spaces. Thus E and E are, in particular, Polish (that is,
metrisable as complete, separable metric spaces). Let ¢ : F — E be a continuous
surjection. Let A C E be closed, and define

EE(B\A4) Ui(A),
this being a disjoint union. We further assume that ¢~1(y(A)) = A and that
Y~ 1(K) is compact for any compact subset K of E.

Informally, we get E by “pinching” A into ¥(A); that is, if z € ¢(A4), we pinch
all elements of ¥ ~1(z) into 2 (note that we are most definitely not assuming that
¢ is one-to-one). Suppose now that we have a “nice” Markov process X with state
space E (we will be precise about this in subsection 2.2). Our goal is to construct
in certain situations a Markov process X on E by pinching X to ¥ o X when X
is in A, but retaining the original dynamics of X when it is in £\ A (the rigorous
result is given in subsection 2.4). The interesting part of such a construction is
what happens when X “leaves” F \ A and enters ¢(A) or vice-versa; this will be a
central issue in our study (see the discussion preceding Hypothesis 2.8).

Let us start by introducing a topology on E that is compatible with the pinching
procedure.

Assumption 2.2 (Topological Pinching). Define the map = : F — E by

(2.1) (@) d:‘*{x’ if o € BAA,
P(x), ifee A,

and give E the topology induced by . That is, N' C E is open in the topology of E
if and only if #=1(\) is open in the topology of E. (Equivalenty, we can think of E
as the quotient topological space of the topological space E under the equivalence
relation that declares two points ' and 2 equivalent if and only if n(2') = = (z").)
We assume that E with this topology 1s Hausdorff, locally compact, and second
countable (and hence Polish).

A more explicit understanding of the topology on E might be of help.

Lemma 2.3. Fizr a sequence (z,) in E that converges (in the topology of E) to
z € E. Then the following hold.
o Ifx € E\A, then x, € E\A forn sufficiently large and lim,, ., e p\a 2n =
i the topology of E.
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FiGURE 1. Walsh’s Spider. Left-hand endpoints are mapped into vertex

o Ifx e Y(A) and x,, € E\ A for all n, then limy, ¢(x,) = x in the topology
of E.
o Ifx € Y(A) and x, € Y(A) for all n, then lim, x,, = x in the topology of

The proof of this lemma is given in Section 7. Essentially, this result says that the
topology of E is equivalent to that of E on E \ 4 and equivalent to that of E on
¥(A), but that points on the boundary of E'\ A (in the topology of E) are identified
with points on the boundary of ¥(A) (in the topology of E) via the map .

Let us now introduce some illustrative examples that we will develop in the
course of the paper.

Ezxample 1 (Spider). Deﬁne R = [0,00) as usual, and set 7, = {1,2...n} for a

p051tlve mteger n. Put B % }R+ x I, E def Ry, ¢(x,0) e & for all (z,%) € E,

and A < UiEIn{( ,i)}. Then all points (0, ¢) are collapsed into a single point, and
E is homeomorphic to the state space of Walsh’s spider, that is, to a collection
of n rays emanating from the origin of R? (equipped with the subspace topology
inherited from R?). Consequently, E is indeed Hausdorff, locally compact, and
second countable — as required by our standing assumptions. See Figure 1.

Ezample 2 (Ball to Sphere). For future reference, let B4(0,1) = def {z € RY: ||2||ge <
1} be the open unit ball in B¢ and let S941 def 0B4(0,1) = {z € R4 ||z||ga = 1}
be the unit sphere in Rd Define £ %' B4(0,1) = {z € R*: ||z|[ga < 1} and

Jole= [0,1]. Set ¢ (= ) = ||J:||]Rd for all z € F, and A " $9=1. Thus all points on
the boundary of d-dimensional unit ball are collapsed into a point and E can be
identified with d-dimensional unit sphere S¢ by mapping points in B,4(0, 1) that are
at Euclidean distance r from the origin to points on S? that are spherical distance
7(1 — r) from the north pole (so that the boundary of the ball is mapped into the
north pole). In fact, this map gives a homeomorhism between F and S¢ (equipped
with the subspace topology inherited from R¢), and hence F is certainly Hausdorff,
locally compact, and second countable.
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FicUre 2. Ball to Sphere. Boundary of unit ball is mapped to
north pole of sphere

FicURE 3. Lollipop. Unit ball is mapped into sphere and exterior
of unit ball 1s mapped into line

Ezample 3 (Lollipop). This example is along the same lines as the previous example.

Set £ Rd and & R . Define ¢ () def ||z||g« for all z € R4 and put A =

R4\ B4(0,1). Each sphere (centred at the origin) of radius r > 1 is collapsed to
the point r; thus the boundary of the unit ball is mapped into a point and the
complement of the (closed) unit ball is mapped into the line segment (1, o0), which
is attached to the point representing the boundary of the unit ball. This amounts
to mapping the unit ball in R¢ into the unit sphere S¢, where the north pole of the
unit sphere represents the boundary of the unit ball, and attaching a semi-infinite
whisker to the north pole. We see that £ is homeomorphic to this subset of R4+!
(equipped with the subspace topology), and hence E is Hausdorff, locally compact,
and second countable.

Ezxample 4 (Skew Product). This is something of a generalisation of Example 1.

Define £ % B % B to be the Cartesian product of two second countable, Hausdorff
spaces F' and E”, where E' is locally compact and £’ is compact. Let A = A’ x E"|

€

where A’ is a closed subset of F’, and define ¢(z’, z”) f o for all (x',2"ye E.If
we let d' be a metric on £’ and d” be a metric on E”, we can define a metric d
that gives the topology of £ by d(«',y') = d'(#', ') if 2’ and ¢ are in ¢(A) = A',
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by d(z', (¢, y")) = d'(«',y) if &’ € A" and (¢, y") € E\ A, and by
(' 2. (") = [ )+ &) A nd [d) + d(,0)]

if (¢',2") and (y',y"”) are both in E\ A. Tt is clear that E is Hausdorff, locally
compact, and second countable.

Before introducing some probability, we need to fix a little more notation. First,
observe that there is a natural map ¢ : £ — E defined by

aet JU(z), ifxe B\ A,
¢’(’3)_{x, if 2 € (A).

We prove in Lemma 7.1 that ¢ is continuous. We have that ¢ = ¢ o 7, or, equiva-
lently, we have the commutative diagram

N

E.

We will also use some standard notation from functional analysis. To fix this
notation, let S denote a Hausdorff, locally compact, second countable topological
space. We then let B(S) be the Banach space of bounded real-valued functions
on S and we let B¥(S) be the collection of nonnegative elements of B(S). Let
Cy(S) be the Banach space of real-valued continuous functions on S that vanish
at infinity (if S is compact, then of course Cy(S) = C(S5), the Banach space of
continuous functions on ).

For any subset R of S, define B(S; R) def {feB(): f|R =0} and Cy(S; R) def
Co(S) N B(S; R).

Finally, we set up some operators that map between various spaces of functions.
If S’ is a second locally compact space and £ is a measurable map from S to 57,
we define £* : B(S') — B(S) as &*f Lef Jfo&. If € is continuous and ¢7H(K) is a
compact subset of S for all compact subsets K of S’ then £* : Cy(S") — Cp(S). In
terms of our commutative diagrams, we thus have

*

(2.2) B(E) <~— B(E)

N

B(F).
In fact, the results in Section 7 ensure that ¢* : CO(E) — CO(E), T CO(E) —
Co(E), and ¢* : Co(E) = Co(E).

Define 7, : B(E; A) = B(E;¢(A)) by

. aet | fx), ifze B\ A,
(o)) 2 4 TN

0, if z € Y(A).
Let I be the identity map on B(E)

Lemma 2.4. We have that:
2) (Ig — 6 Kn) B(E) C B(E; 6(A)),
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b) " B(E;4(A)) C B(E; A) and ¢* = 74~ on B(E;¢/(4)),
c) w7, is the identity map on B(FE;A).

Proof. Claim a) follows directly from claim c) of Lemma 2.7. To see claim b), fix

fe B(E,1/)(A)) If # € A, then ¢~ f(x) = f(¢(x)) = 0. Secondly,

g () = {fww)), i€ B\ 4,

0, if z € ¢¥(A),
(), ifzeE\A,
o if € P(A).

On the other hand, if # € ¢(A), then ¢*f(x) = f(x) = 0. This gives us claim b).
To see claim ¢), fix f € B(F; A); then

e [mf@) iteeB\A
T f(z) = {ff*f(i/)(l‘)) —

@) ifreB\A
—]o ifzeA

2.2. Intertwinings. Let us next fix our basic stochastic process.

Assumption 2.5. Let X = (Q, %, %, X;,0;, %) be a conservative Borel right
process with state space F and transition semigroup (P;).

As we mentioned above, we want to “pinch” X when it is on A. We want this
pinched process to be Markovian on ¢(A), so we will impose:

Hypothesis 2.6 (Dynkin intertwining relation). Suppose that there is a second
Borel right process X = (Q, . Z, %, Xy, 0, %) with transition semigroup (P;) such
that

(2.3) P* =" P,

This implies that Athe ﬁnitgfdimensional distributions of ¢ o X under P® are the
same as those of X under P¥(*) for any z € E (see [Sha88, §11.13]).

Hypothesis 2.6 means that the evolution of X is Markovian as long as it stays
in ¢(A); we will also use in Section 5 the fact that X is Markovian even when X
enters F'\ A. Essentially, this will allow us to understand the excursions of X into
E\ A and ¢(A) through the excursions of X into PY(EF\ A) and ¥(A). We also
note that Hypothesis 2.6 enforces a certain invariance of the dynamics of X for
starting points that have the same image under ¢. Note, however, the continuation
of Example 1 in section 3 to see that this invariance is not as restrictive as it might
first seem.

Let us develop our examples.
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Example 1 (Spider, continued). Let (P[) be the semigroup of Brownian motion
reflected at the origin; that is,

o] o [ ] d

/ def exXp { 7 2t

Set (P/'f)(¢) = f(i) for all f:Z, - R and all i € Z,,. Define P, Lf P/ ® P/ for all
t>0. Then P, = P/.

Ezample 2 (Ball to Sphere, continued). Let X be Brownian motion on F reflected
(with normal derivative) at S¢. Then X is a d-dimensional Bessel process reflected
at 1.

Ezxample 3 (Lollipop, continued). Let X be a d-dimensional Brownian motion.
Then X is a d-dimensional Bessel process.

Ezample 4 (Skew Product, continued). Let X' = (', #', Z/, X],0;,P¥) be a Borel
right process with state space E’. Let B be a perfect continuous additive functional
of X'. Next, let X" = (', #", #!' X[, 0{ ,PF) be a Borel right process with state
space £ and transition semigroup (P/’). Define the semigroup

(P, 2") Ly oy [f(X'(t), X"(B))],  f€B(E xE").
Equivalently, if f € B(E) is of the form f(z', ") = f'(«") f''(¢") where f' € B(FE’)
and f" € B(E"), then

(P.f) (2", 2"y = PF [ /(X)) P ["](=")] -

It can be shown that (P;) is the transition semigroup of a Borel right process called
the skew product of X' and X" with clock B (cf. [Sha88, §16] for the special case
of the Cartesian product for which B; = t).

With Hypothesis 2.6 in hand, we can collapse X to X when X is in A. Our goal
is to “splice” together X and X to give an E-valued process X that behaves like X
when it is on £\ A and like X when it is on 1/(A4). A moment’s thought shows that
we need a further ingredient, however. Assume that we start at  on the boundary
(in the sense of the topology on E) of E\ A and ¢(A). If X decides to make an
excursion into ¥(A), it should do so using the dynamics of X. But what happens
if it decides to make an excursion into F\ A7 Where should it “start”, or more
precisely, what 1s its entrance law? Presumably, it should “start” the excursion
at some point of ¥y~t{x}, but since ¥~{z} will in general consist of more than
one point, we should define a mechanism for selecting the particular element of
¢~ {z} from which the excursion into £\ A starts. Let k : F x #(E) — R be
a probability kernel; that is, for each x € E, k(z,-) is a probability measure on
(E,%8B(F)), and the map « — k(x, B) is Borel measurable for each B € #(F). We

define a linear operator K : B(E) — B(E) by Kf(») def nyE F(y)k(z, dy); the
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appropriate diagram is thus

B(E)

N

B(F).
We assume that
(2.4 Koo e} =1
for all z € E; that is, if z € F, the probability measure k(z,-) gives a means to ran-

domly select a point in ¥~!1{z}. Several relevant consequences of this assumption
are listed in the following lemma.

Lemma 2.7. We have the following.

a) The operator K¢* on B(E) is the identity.

b) The operator Kn* from B(E) into B(E) satisfies Kn* f(¢¥(x)) = f(¥(2))

for all f € B(E) and x € A.
c) The operator ¢* Km* on B(E) satisfies f(x) = ¢* Kn* f(x) forall f € B(E)
and x € P(A).

Proof. Claim a) is a simple consequence of (2.4). To see claim b), we compute that
for f and z as stated,

(K7 ) ((z)) = / ) k(). d2)

_ / F() k((a),dz)  (use (2.4) and (2.1)
cev-1is)

= F(@)k(y(2), v~ 9{2})) = f(y ().
Claim c) follows directly from claim b). d

We now assume

Hypothesis 2.8 (Carmona-Petit—Yor intertwining relation). Assume that the
semigroups (P) and (P;) satisfy
(2.5) KP, = PK.

See [CPY98, Bia95] for other uses of this type of relation. A special case of such
an intertwining is discussed in [Yor89].

Remark 2.9 (Rogers—Pitman intertwining relation). By Lemma 2.7(a) we have that
Ko* =1,
and so Hypotheses 2.6 and 2.8 together imply that
P, = KPy*
and R
KPP =FK.

These last three relations taken together are the intertwining introduced in [RP81].
From Theorem 2 of [RP81] we have

PRI [F(X) [ o X, 0< s <t]=¢*Kf(X;), ¢ € E, f € B(E).
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That is, if X has initial distribution k(z,-) for any = € E, then the conditional
distribution of X; given o{¢ o X, 0 < s <t} is k(¢ o Xy, ). See also Corollary 3.5
of [Kur98]. This latter paper has an extensive discussion of intertwinings for semi-
groups and their consequences; plus general results on establishing intertwinings
for semigroups using the associated generator or martingale problem.

We discuss conditions that imply Hypothesis 2.8 in section 3.

2.3. Resolvents. Our proofs will be based upon various calculations using resol-
vents, so let us develop some appropriate notation.

Notation 2.10. Define the stopping times

T(w) d:efmf{t>0 X¢(w) € A}, w € 1,

Tw) Yinf{t >0: X, (@) €¥(4)}, @e

w
Since ¢y~ (y)(A4)) = A, the P*law of T is the same as the PY(@) law of T for any
xr € E. Let (Qt) and (Qt) be, respectively, the semigroups for X stopped at 7" and
X stopped at T'; that is,
def

(Qef)(x) = PT[f(Xear)],  [EB(E), z€E,
QD) P [[(Xpp)] . FEBE) ze L.
For a > 0, define the operators

Uo‘f(x)d:ef/o e“”Ptf(x)dt:]Px[/o e‘o‘tf(Xt)dt]

P f(x) € P [emT f(X7)]

ves) = [ et Qup(a) di = B [ / " et (X onr) dt]

=U%f(x) — PRUf(2) + o ' P2 f(x)
for all f € B(F) and # € F; U® is the a-resolvent of the semigroup (P;) and V¢
is the a—resolvent of ((Q)¢). Similarly define

Uaf(x)d:ef/o e‘o‘tptf(x)dt:]f”[/o e‘o‘tf(f(t)dt]

P f(e) 07 [T f(Xp)]

Ver(x) d:ef/ooo e Quf (x) dt [/Oo e F(Xopp) d ]
= U f(x) — PEU°f(x) + o~ P2 f(2)

for all f € B(¥ )andeE

(2.6)

Let us collect together several facts.

Lemma 2.11. We have that:
a) *B(E ¥(A)) C B(E; A),
b) Q:B(E;A) C B(E;A),
c) VO‘B(E A) C B(E; A),
d) (U — PRU®)B(E) C B(E; A),
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e) (U — PRU*)B(E) C B(E;v(4)),

1) PEB(E;A) = 0.
Proof. To prove a), fix f € B(E,w(A)) and # € A. Then n*f(z) = f(ﬂ'(l‘)) =
f(#(x)) = 0. To prove b), fix f € B(E; A) and € A. Then Q. f(z) = P*[f(Xo)] =
f(z) = 0. Claim b) directly implies claim c). To see claim e), fix f € B(E) and
z € A. Then PRU%(z) = PP[(U*f)(Xo)] = U%f(x). Similarly, if f € B(F) and
z € (A), then P;[]Off(x) = U%f(x). Finally, if f € B(E;A) and « € E, then by
right continuity f(X7) = 0 under any P?; this gives us claim f). O
2.4. The Basic Theorem. We are now ready to define what will turn out to be
a semigroup on F.
Definition 2.12. For ¢t >0, f € B(F ), and z € F, define

Pof(x) E P [(* £)(Xe) X groey] + BV {U‘P LT ) (Xp)Xrary

ife € F\ A, and
(Pf)(2) € (K P f)(2)
if x € (A).

Our basic theorem is that (pt) is a transition semigroup satisfying certain desir-
able properties. We stress that Hypotheses 2.6 and 2.8 as well as the topological
assumptions of subsection 2.1 are in force.

Theorem 2.13. Suppose that U*Cy(E) C Cy(F) and PRCy(E) C Co(F) for each
a >0, and that KCy(E) C Cy( A). Then the following hold.

a) The collection (Pt)t>0 15 the transition sengroup of a quasi-left—continuous
Borel right process X = (Q ﬁ' ﬁ}, Xt, Ht, P*) with a—resolvent Ue given by

(2.8) U = Vor* (I — ¢"Kn*) + ¢ UK 7,
this expression being well-defined. An alternative representation of(ﬁt) 18
(2.9) P, = . Qir* (I — 6" K7*) + ¢* P K *,

this expression being well-defined.

b) For each x € E the law of ¢ o X under P? coincides with that ofX under
pele ): in particular, Pt(b* = (/)*Pt.

c) Define a stopping time by

T(@) Zint {t > 0: %,(@) € v(4)},
and define a semigroup
Quite) Z7 | (Sips)|, 120, 7€BE) 2B,

For each z € E, the P™@)_law of {)N(t, 0<t< f} is equal to the P*-law of
{r(Xy); 0<t < T} in particular, w Qt Q™.

d) The semigroup (Pt) is Feller (that is, PtC'o( ) C C'O( ) for each t > 0 and
limg o sup,,¢ 5 |Pof (x) = f(2)| = 0 for all f € Co(E)).

€2
M
ok
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Proof. We begin with some consequences of our hypotheses that will be generally
useful in what follows. It is immediate that

(2.10) U™ = ¢~ U
and
(2.11) KU®=UK

for all @« > 0. Approximate 7' from above by the sequence of discrete stopping
times

T, € o= [2n T
for the filtration (o{¥) 0 X, : 0 < s < t});>0 and use Hypothesis 2.6, Hypothesis
2.8, Remark 2.9, the assumption that KCy(FE) C CO(E), and a monotone class
argument to see that

(2.12) Py = " P2
and

(2.13) KPf = PAK
for all @ > 0. Consequently,

(2.14) Vet = Ve
and

(2.15) KV =VoK

for all @ > 0. Moreover, from the assumptions that U%Cy(F) C Cy(FE) and
P2Co(E) C Co(E) it is clear that UCo(F) C Co(E), V*Co(E) C Co(E), and
V“CO(E) C CO(E) for all o > 0

To start the proof of a), let us first see that each operator P, maps B(E) into
itself and that ¢ — ]stf(x) is right-continuous for each f € CO(E). It is clear from
the right assumption on X that a«U®f — f pointwise as o — oo for all f € Cy(E).
Combining this with the assumption that U® maps Cy(F) into itself gives that

X is quasi-left—continuous (see [Sha88, Theorem 9.26]). Thus if G; D G2 D ...

are open subsets of £ with (), G, = A and T}/ Lf inf{t > 0: Xy € G}, then

P?{T # lim, T)/} = 0 for all # € E. Tt then follows by standard arguments that
x> ptf(x) is Borel measurable for each f € B(E) and t > 0. Moreover, by the
right assumption on X, the map ¢ — ]stf(x) is right-continuous for each z € E
when f € CO(E).

Let us next prove the formulae for U and P,. First of all, note that by claim
a) of Lemma 2.4 and claim a) of Lemma 2.11, we have that

(2.16) ™ (I — ¢ Kn*) B(E) C B(E; A).
By claims b) and c) of Lemma 2.11, we know that

Ver* (Ip — ¢"Kn*) B(E; A) C B(E; A)
210 Qi (I — ¢" Kn) BUE; ) € B(F; A);

hence the formulime for U and P; are well-defined (that is, #* acts on its domain).
Fix next f € B(FE). Note that if # € E'\ A, then

Pof(@) =P (@ N (Xe)xirso] + YO [(KP_pm 1) (X3)X 7| -
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Thus if « € E'\ A4,
(0°1)(@) = (U f)(@) = (PRU" f) (2) + (PR KU [ ) (w(x).
On the other hand, if # € ¥(A), then
(T )w) = (KU f) () = (PERUCT" ) (1),

Hence

U =#, (U= PRU) 7" + ¢"PSKU 7",
Note that
(/)*ij’fKUo‘ﬂ'* = (/)*ij’on‘Kﬂ'* (use (2.5))
— UK — ¢* (U“ - P;U“) Kr*
= UK — Fud” (U“ - P;fUOf) Kr*
(use claim €) of Lemma 2.11 and claim b) of Lemma 2.4)
= ¢*UKn* — 7, (U® — PRUS) * Kn*
(use (2.10) and note also claim d) of Lemma 2.11)
= ¢"UKr™ — 7t (U* = PRU) 1 ¢ K7™, (use (2.2))

We therefore have that

U =7, (UY = PRUY) 7 (I — ¢"K7*) + ¢ UK ™.
Finally, we use (2.6), claim f) of Lemma 2.11, and (2.16) to see that
(U* = PRUY (I — ¢"K7*) = (U* — PRU® —a ' P) n* (I — ¢* Kn¥)
=Vt Iz —¢"Kn™).

This implies (2.8). We get (2.9) by taking the inverse Laplace transform and using
the right continuity proved above.

In order to show that the collection of operators (ﬁt) is a semigroup, it suffices,
by uniqueness of Laplace transforms and the right-continuity of ¢ — ptf(x) for
fe CO(E), to show that the collection ([70‘) satisfies the resolvent equation

(2.18) U =0U° 4+ (8—a)UU".
Using (2.8), we have that
UUP =7, Vor* (Ig — ¢ Kr* ) VPn* (I — ¢* Kn*) + ¢* U Kn* ¢ UP K n*
+mVer (I — ¢ Kn*)¢* UP Kn* + ¢" UK 7. VPr* (I — 6" K1),
First, note that
PUKm*¢*UP K = ¢*UCKy*UPKn* (use (2.2))
=" UUPKn*. (use a) of Lemma 2.7)
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Secondly, note that
mVert Iy — ¢"Kn* )¢ UP K7™ = 7,V (1" ¢* — " Kn*¢" )\ UP K n*
=7 VO =Ky ) UPKr™  (use (2.2))
=7V = UP K
(use a) of Lemma 2.7)
=0.
Thirdly,
QUK 7 VPr*(I5 — ¢*Kn*)
= ¢ UKV (r* — " K7™)
(use (2.17), claim ¢) of Lemma 2.4, and (2.2))
=" UVPK(n* —¢*Kr*)  (use (2.5))
= ¢ UVP(Kn* — K¢*Kn*)
= ¢*UVP(Kn* — Kr*)
(use a) of Lemma 2.7)
=0.
Finally, we have
VO (I — ¢* Ka*)w VPr* (I — ¢*Kn*)
= Veran Vit (I — 9" Kn*) — m.Vor¢* Kn* 7. VP (r* — " K1)
=n VeVl (I — ¢"Kn*) — 2. VY KVP (" — " Kr*)
(use (2.2), claim ¢) of Lemma 2.4, and (2.17))
=7 VoVPr(Ig — ¢"Kn*) — m VO VAR (7* —¢*Kn*)  (use (2.5))
=5 VOV (I — ¢"Kr*) — 7.V VP (Kr* — Ky* Kn*)
=7 VVPrt(Ig — ¢"Kn*) — m. VO VA (Kr* — Kn*)
(use a) of Lemma 2.7)
= VeV (Iz — ¢*Kr*).
Thus,
UeUP =7, VeVPr* (I — ¢"Kn*) + ¢*UUPK1*
which, by the resolvent equations for (V) and ([70‘), immediately gives the resol-
vent equation (2.18) for (U%).

In order to show that the semigroup (ﬁt) is the transition semigroup of a quasi—
left—continuous Borel right process, it suffices to show that

(2.19) UefeCo(E), feCob),

and

(2.20) lim aU%f = f pointwise, f € CO(E),
o—r 00

(see [Sha88, Theorem 9.26] or [RWO00, Section IIL.3]). This will also establish part
c) (see [RW00, Lemma I11.37.1]). Property (2.19) follows fairly readily from our
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assumptions and Lemmas 7.3, 7.4 and 7.5. To prove property (2.20), we use the
fact proved above that ¢ — P;f(x) is right-continuous for each « € E to see that

lim aU%f = Pyf pointwise.

X— 00
We now note that

Py

e (Ig —¢"Ka* f) + ¢* K
s— @ K" + ¢ Krn* (use claims a) and c) of Lemma 2.4)

I
M~ M~

To see part b), we note that

09" = 7V (g = 6" Kn")¢" + 67U K7 "

RV (T T — K1 ¢%) 4+ ¢ U K ¥ ¢

RV (Y — Kyt + 6" UKy™  (use (2.2))
V(T =Y+ ¢>*U°‘ (use claim a) of Lemma 2.7)
= ¢ U™

The right-continuity of (Pt) and (ﬁt) implies the Dynkin intertwining relation

P,¢* = ¢* Py; this is sufficient (see [Sha88, Section I1.13]).

Turning to part c), define first (ﬁ%f)(x) Lef ]f”[e_o‘ff( ~T~)] forallz € E, a > 0,

and f € B(E) Let V< be the resolvent of (Qt); that is,

Vef(a) € B [/OOO e f(X a7 )dt| = U f(x) — PEU f(2) + o~ PEf(x)

for f € B(E) and = € E. It suffices to show that #*Vef = Ver*f for any
f € B(FE). First, note that

U =V — Ve ¢ Kn™ + m° ¢ UK ™
use (2.17) and claim c) of Lemma 2.4)
= Vo — VO Kr* + " UKr™  (use (2.2))
=V =V Kn* + U Kr*. (use (2.10))

Secondly, note that ﬁ%B(EN, P(A)) =0, so
T PEUY = m* PR UK n*
= F*qf)*P;fUa[(ﬂ'* (use claim b)

= "PRUKr"  (use (2.2))
= PRUY*Kr™. (use (2.3))
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Thirdly, we have from claim c) of Lemma 2.7,
w* By fla) = B [emoT p(X)|
— (@) {e_o‘fq/)*Kﬂ'* (X )}
= W*Po‘qb Kn*f(x)
= r*¢* PO‘Kﬂ' f
=" Pji’fKﬂ' flx
= Pjv K f(a
Combining everything together, we find that
TV = VOt — VO Kt + U Kt — PRU* Kn* + o~ L PEy* K™
=V — (V"= U4 PRU" —a™ ' Pp) " Kr*
=V, (use (2.6))

=

z) (use claim b)

(use (2.2))

(
(
)
). (use (2.12))

as required. a

Remark 2.14. As noted in the proof of Theorem 2.13, the assumption that U, Cy(E) C

Cy(E) is equivalent the semigroup (P;) being Feller given that (P) is the semi-
group of a Borel right process (see [RW00, Lemma IT1.37.1]). Moreover, under the
assumptions of Theorem 2.13 the semigroups (Q:), (Pt), and (Qt) are also Feller.

3. SUFFICIENT CONDITIONS FOR HYPOTHESIS 2.8

Suppose that all the assumptions of Section 2 on E, E, 1, (P;), and ( %) hold
except for equation (2.4) and Hypothesis 2.8. In this section we discuss various
conditions under which these extra conditions hold.

More precisely, suppose that u is a Radon measure on % (in the sense of [DM78,

T11.46]) and define f def pow~! (that is, fi is the push—forward of u by ¢). B

our assumption that the inverse image of compact sets by ¥ are also compact, the
measure f is also Radon. Set

J) def/ flg'du,  f'.g' € BY(E),
// def "o "o +/F
y /f di,  f"g" € BF(E)

There is a disintegration pu(B) = fE z, B) pi(dx), where k is a probability kernel
such that (2.4) holds and (Kf,g)ﬂ = (f,¢*g), forall f € BY(E) and g € B+(E).
(Informally, if we think of the map ¢ as a E—valued random variable defined on
(E,B(F)) equipped with the possibly infinite measure p, then k(z, B) is the “con-
ditional probability” p{B |4 = x} and (K f)(x) is the “conditional expectation”
plf ¢ = z].) Note also that (f,¢)x = (¥*f,¢*g), for all f and g in BT (E). We

will investigate when this choice of K also satisfies Hypothesis 2.8.

Ezxample 4 (Skew Product, continued). Suppose that p' is a Radon measure and

1"

/1 Is a probability measure that is invariant for (P{); that is, /' P/ = p". Set
=p' @u", so that i = ' and K f(z') = [ f(a', ") p"(dz").
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Now if f € B(E) is of the form f(z,z") = f'(«')f" ("), then
K@) = [ 0B [0 @) (B)) ()
= [ B IO @0) P )
— p¢’ [f’(X'(t))/

B!

I Pé/t f//(x//) ﬂ//(dx//)]

= p’ [f’(X’(t))

= PK f(z'),

P )|

B

and a monotone class argument gives Hypothesis 2.8.

Ezample 3.1. (Symmetry) Suppose that the semigroup (P;) is symmetric with re-
spect to the measure p (that is, (P f,g), = (f, Pig)y for all f and g in BY(F)),
and that p has E as its support. Suppose also that P,Co(F) C Co(FE) for all
t > 0 (equivalently, U*Cy(E) C Cy(F) for all &« > 0 — see Remark 2.14) and that
KCy(E) C Co(E).

For f € BT(E) and g € B+(E) we have

([{Ptfag)ﬂ = (Ptfa 1/)*g)u = (fa Pt1/)*g)u

Thus KP, f(x) = Pth(a:) for ji-a.e. & € E. Tt is easy to see that the measure ji
has support all of £ and so, by continuity, KP.f(x) = Pth(a:) for all z € F when
f € Co(F). A monotone class argument shows that Hypothesis 2.8 holds in this
case.

Ezxample 1 (Spider, continued). Fix a measure p'/ on Z, and let y’ be Lebesgue
measure on Ry. Let =y’ @ p”’. Then

Kf(x) = /I fla, i) (di)

for all f € B(F) and € R. Recall that the process X for the spider is the Carte-
sian product of reflected Brownian motion on R} and the trivial process on Z,, that
stays forever at its starting point. It is clear that '’ is invariant for the semigroup
of the latter process. Also, the semigroup (FP;) of X is certainly symmetric with
respect to p. It is, of course, also easy to see directly that Hypothesis 2.8 holds in
this case.

Let us observe what happens in this spider example if we re-define ¢ (x, i) Lef si(x)
for all (x,¢) € E, where s; is the scale function of a regular diffusion on R, (that
is, s; is a continuous, strictly increasing function) with the added properties that
$i(0) = 0 and limgy_ o0 8;(2) = oo for all i. We could then take X to be reflecting
Brownian motion on By and X to be the process that evolves as s;' o X on
R4 x {i}. Tt is not hard to see that the Hypotheses 2.6 and 2.8 hold in this case.
By the classical scale and speed construction of one-dimensional regular diffusions
from Brownian motion (see, for example, Chapter V of [RW87]), we could, by the
introduction of suitable time-changes on each leg of the spider space, produce a
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process on the spider space that evolves as an arbitrary regular one-dimensional
diffusion on each leg.

Ezample 3.2. (Group equivariance) Assume that F is equipped with a compact,
metrisable group G of homeomorphisms. Given 7 € G, define A; : B(F) — B(F)
by A;f(x) def f(rz) for all x € F and f € B(F). Suppose that p is invariant with
respect to GG (that is, po 77! =y for all 7 € (), and that the support of y is all of
E. Suppose further that (P;) is equivariant with respect to ; that is, A, P, = PiA;
for all 7 € G. Thirdly, suppose that v is G-invariant; that is, ¢(z) = ¢/(r) for all
z € FE and 7 € (G. Equivalently, A.¢* = ¢* for all 7 € . Lastly, suppose that
P.Cy(E) C Co(E) for all t > 0 (equivalently, U*Cy(FE) C Cy(F) for all & > 0) and
that KCo(E) C Co(F).

Let v denote normalised Haar measure on G and define an operator L : B(E) —

B(FE) by Lf(x) def [ A f(z)v(dr) = [ f(re)v(dr). We claim that for every f €

B(E), Lf(z) = ¢*K f(x) for p-a.e. * € E. First, note that for any g € BY(E),

(W Kf A g = (Kf,9)a = (F,479)u-
On the other hand,

(Lf. 0" g), = / (A, f, 4" ) (dr) = / (Ar f, A ) (d7) = (Ar o A7 g)0

Thus (Lf,4*g), = (W*Kf,¢*g), for any g € B+(E). Note that v*Kf is ¢-
measurable. ;From the invariance of ¢ with respect to GG, we also have that Lf
is ¢-measurable (cf. Remark (b) after [DM78, Theorem III.26]). Thus indeed
Lf(z) = ¢ K f(x) for p-ae. z € E.

For f € BT(E) and g € B+(E) we now find (noting that the equivariance
assumption implies P, L = LP;) that

([{Ptfag)ﬂ = (1/)*[{Ptfa 1/)*g)u = (LPtfa 1/)*g)u = (Ptha 1/)*g)u
= (P Kf, v g)y = W PKf, ¥ g)u = (PKFf 9)a.

Thus KP, f(x) = ]%Kf(a:) for ji—a.e. € E, and Hypothesis 2.8 follows as in the
previous example.

Ezxample 2 (Ball to Sphere, continued). Let G = O(d), the group of orthogonal
transformations of R?. Let p be Lebesgue measure on E. It is easy to see that p is
invariant with respect to G and that (P;) is equivariant with respect to G (since the
Euclidean Laplacian is equivariant with respect to (7, as is the normal derivative at
JF). Tt is also easy to see that ¢ is G-invariant. For f € B(FE), we then have that

Siplamr J12)7 7 (da)
(3.1) Kf(r)= {%ﬂlll—qm{x ER?: ||z||g+ = r}

d
=d~'rm?, (5 + 1) /Sd_l F(r0).%= (df)

for 0 < r < 1, where #% ! is (d — 1)-dimensional Hausdorff-measure, , is the
standard Gamma function, and

K[(0) = f(0).
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We could also establish Hypothesis 2.8 for this example (with the same operator
K) by noting that (P;) is symmetric with respect to a G-invariant measure on F.

Ezxample 3 (Lollipop, continued). We again let G = O(d), the group of orthogonal
transformations of R¢ and let y be Lebesgue measure on F5. We get the same results
as for the Ball-to-Sphere example, except that now (3.1) holds for all » > 0.

4. GENERATORS AND CORES

We next study the generator of (ﬁt) We will assume the conditions of Theorem
2.13. Recall from Remark 2.14 that the semigroups (P;), (@:), and (pt) are Feller.
We will also make some further simplifying assumptions that are reasonably general
and certainly apply to all of our examples.

Proposition 4.1. Let the Feller semigroups (P;), (Q:), and (Pt) have respective
generators G, H, and G, whose domains are, respectively, 2(G), 2(H) and @(G)
Let G denote the generator of the Feller semigroup (ﬁt), with assoctated domain
@(é) Consider a vector space of functions D C CO(E) such that the following
hold.
a) Kr*(D) C 2(G) (hence *Kr*(D) C Z(G)).
b) ¢*Kn*(D) C D.
c) There is an extension G° of G
1) 7(D) C 7(G);
2) KG® = GK on 7*(D);
c3) {feD(G®): G°f(x) =0 for all z € A} C Z(H) and G° agrees with
H on left-hand set;
cA) G f(z) = Gox* f(y) if £ € D and (x) = v(y) € $(A).
Then D C 2(G) and

G K (D) with domain Z(G°) such that:

(4.1) ™Gf =Gt f, feD.

Alternatively, we have

~ Gen* f(z), ifxeE\A,
(12) Gf() = ST, fre by
GEKrn*f(z), ifzey(A).
If in addition
d) D is dense in ~C'O(E), )
e) The range of G|D — A is dense in Co(FE) for each A > 0,

then D is a core for G.

Proof. Fix f € D. First, we note that

. 1 * 17 * 1o % I 1 * D T * Lok
}{%;(Pﬂ/) Krn*f —¢*Kn™ f) _tl{%t (1/) PKr*f—¢"Knm f) (use (2.3))
= *GKr*f. (use assumption a)

Thus ¢*Kn*f € 2(G) and
(4.3) GV Kr*f =" GKr*f.
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Next, we note that for z € A,
G f(z) =" KGn™ f(x) (by assumption c4)

(4.4) . .
=¢*'GKrn*f (by assumption c2)

Further, note that the combination of (2.2) and assumptions b) and cl) ensures
that 7*¢* Kn* (D) C 2(G*®). Thus we find that
Gr* (I — ¢"Kn")f(x) =0, r € A

Using now assumption c3), we see that f def T (Ip — ¢*Kr*)f is in the domain of

H and furthemore Hf € B(FE; A). Hence
(4.5)
rGf = nHf + T ¢*GKr*f

—Hf +*GKr*f (use claim c) of Lemma 2.4 and (2.2))
=G f— G K f+ V' GKr* f (use assumption c¢) and (2.2))
=G f (use (4.3))

which is (4.1). To get (4.2), we simply use the definition of = to get the claimed

formula for # € E'\ A. To get the formula when x € ¢¥(A), we use (4.4).

The result that D is a core is a direct consequence of [EK86, Proposition 1.3.1].
O

To better understand the generator, let us consider the case where X and X are
Feller jump processes so that

G =N [ )= f@) viady).  ael,

yekE

(4.6) A A A
(GF)(r) < Aw) / LU =g ey, aer

where A and A are nonnegative and v and v are probability kernels. By the Yosida
approximation [EK86], any Feller generator can be approximated by ones of the
form (4.6). Note that

(HF) () = M) ypyale) / U =@y, aer

Making all of the necessary assumptions, let us now write down the generator of
X. Observe that Hypothesis 2.6 is equivalent to

A=Aot
v(z, Yot = p(y(x),-), rel.
Observe also that Hypothesis 2.8 is equivalent to

/EE v(y, ) k(z,dy) :/ k(y, ) v(z, dy), veF,

yeE
when Hypothesis 2.6 and equation (2.4) hold. If # € ¢(A), then define

7(z,S) oz, SN p(4)) + /EE\¢(A) ky (SN0 (EN\ A)) o(x, dy)
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for S € %’(E), whereas if # € E'\ A, then define

P, 5) = vl S0 (B A) +0(1(x), S N(4))
=v(z,SN(E\A) +v(z,¢v ' (S)NA)
for S € B(E). Also set

:\()d_ef /\(l‘), if e e E\ A,
T M), if e e y(A).

Then

(1) GI() =) [ () = 1) i dy).
yeE

It 1s important to note that if the hypotheses of Proposition 4.1 hold, then
the dependence of G on K via the extension G¢ is somewhat hidden (cf. (4.1)).
The effect of K 1s more directly visible in the domain of é; that is, through
assumption b). We shall call assumption b) the glueing condition. A treatment of
our standard examples will clarify matters and justify this terminology. In order
to apply Proposition 4.1 to our examples, let us first define

def

= {feCuy(F): f(&) = fly) if v and y are in A and ¥(z) = ¥(y)}.

The proof of the following result is given in Section 7.

YA (E)

Lemma 4.2. The map 7 is a bijection from CO(E) to C'g}’A(E).

We will write m, : C’gj’A(E) — CO(E) for the inverse of 7*. Note that Cy(E; A) C
C’gj’A(E) and the restriction of . to Cy(FE; A) is 7. Most of the ensuing calculations
are similar to some in [Sow02].

Ezxample 1 (Spider, continued). Here
CYAE) = {f € Co(Ry x T,) = f(0,4) = f(0,5) for all i and j in Z,} .

Let
p {f €CY ARy X Ta) i fly, o qy € CHRY) forall i €7,
%(O,i) = %(O,j) for all 7 and j in Z,,
and /In g—i(o,i)u”(di) = 0} .

We want to show that m, D’ is a core for é; that is, we want to verify the hypotheses
of Proposition 4.1. Note that

[FE€B®y T [l € CHEY)

B Pf ., .
(4.8) and ——(0,i) =0 foralli €Z, ; C Z(H)

Oz?
L of

{recen Lo=0jcaue
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Fix f € D'. Then

Y K f(e,i) = Kf(x /fxz Y (di), forall x e Ry and i € Z,,.
Thus assumption a) holds. Secondly, 7* K f € D', so assumption b) holds. We now
define

G fw) i semy e,

for all f in the set

7(G°) def{f € CoRy x L)+ flg,qy € C2(BY)
2
= g f(O j) forall ¢ and j in Z, }

We easily see that G® is1

true. Assumption c2) is true since

. Assumption cl) is clearly

. 2
KG°f(z) = GKf(z) = % ; %(1‘, i)' (di)

for all # € R4. Assumption c3) holds by the first inclusion of (4.8). Assumption
c4) follows immediately from the definition of Z(G°). Thus indeed 7.(D') C @(é)
and éﬂ'* =G°f.

We also clearly have that D’ is dense in C'g}’A(E). Finally, fix ¢ € C’gj’A(E) and
A > 0. For each 7 € Z,,, solve

10?7

58—;(1‘,1)—/\g(1‘,z) = p(x,1), x>0,
9(0,7) =0,

1 0%h

5%(l‘,i)—/\h(l‘,i) =0, x>0,
h(0,7) = 1.

By standard PDE results, ¢ and h exist and have restrictions to Ry x {i} that are
in C?(IR ) for each i € Z,,. Define now

Fz,i) g, i) + Ch(z,i),  (2,i) ERy x In,
where (' is a constant to be determined; we want to show that f € D’ and that
(4.9) TGmf— A =
First, note that f € C¥*(E) and f restricted to Ry x {i} is in C2(R4) for each
t € Ip,. Secondly,
10%f
2 0x?
This implies that 227];(0, i) does not depend on 7 (since both f and ¢ are in C'g}’A(E)).
To complete the proof that f € D’, we need to check that

[ S = [ oo [ G0,

(4.10) (z,i) — Af(z,i) = o(x,7), z>0,1€7,.

0=
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Thus, we want to set
F:) . .
g, B0
TSR0, Dy (di)’
and to do this we need to verify that

8_]1
Tn 6l‘

(4.11) (0, 8)p” (di) # 0.

Assume not; that is, assume that

oh

Oh (0 g
. 3x(0’l)ﬂ (di) = 0.

Then h € D' and Gr.h — Ah = 0. Since (ﬁt) is Feller, G satisfies the positive
maximum principle (see [EK86, Theorem 2.1 of Ch. 4]), so it is dissipative (see
[EK86, Theorem 2.2 of Ch. 4]). Since, as we already know, m.(D') C @(é), we
can conclude that h = 0, leading to a contradiction. Thus (4.11) must hold, and so
f € D'. Equation (4.10) implies (4.9), so indeed assumption e) holds, completing
the proof that m,D’ is a core for G.

Ezample 2 (Ball to Sphere, continued). Here
C’gj’A(E) = {f € Cy(F) : f is constant on Sd_l} :
Let

D {f c Cg}’A(E) i fe C'Z(E), Af is constant on S9!,

and /Sd_l (VF(0),0)g. #771(d0) = o}.

We again want to show that m, D’ is a core for G. Here we have that
(412) {feC*E): Af(0) =0forall 0 € S* '} C 2(H)
| {rec’(o.): riy=0} c 2(G).
Fix f € D'. Then
d
(413) 6K f@) = KS(lal) = a7, (§41) [ fQlallsatye s an)
Sd—1
for all # € E. Some straightforward calculations (that require some care at the

origin) show that assumptions a) and b) indeed hold. We now define

(4.14) Gf(z) Y %Af(x), =
for all f in
2(G°) Lef {f € C*(E) : Af is constant on Sd_l} )

It is easy here too to see that G° is indeed an extension of G

G K (D)’ Assumption

cl) is clearly true. Assumption ¢2) is true since

(4.15) KG*f(r) = GK f(r) = % L Fr0) 2= (do)



24 STEVEN N. EVANS AND RICHARD B. SOWERS

forall 0 < r < 1 (use polar coordinates). Assumption c3) holds by the first inglusion
of (4.12). Assumption c4) is true by definition of Z(G¢), so 7.(D') C Z(G) and
Gr.f = Gef.
We also clearly have that D’ is dense in C'g}’A(E). Finally, fix ¢ € C’gj’A(E) and
A > 0 and solve
1
§Ag(1‘) —Ag(z) = (), z € Bq(0,1),
g|Sd—1 = 0’
1
§Ah(x)—/\h(x) =0, z € Bq(0,1),
h|5d_1 =1.

By standard PDE results, g and h exist and are in C?(E). Define now

Fz) L g(x) + Ch(z), =x€E,

where C'is a constant to be determined; we want to show that f € D’ and we again
want to verify (4.9). Again, f € C’gj’A(E) and f € C?(E). We also have that

(4.16) %Af(x) —Af(z) = p(=), z € By(0,1),

implying that Af is constant on S4~1. To complete the proof that f € I, we need
to check that

0= / (VF(0),0)g. 5771 (dO)
Sd—l
= / (Vg(0),0)ga 1 (dO) +C (Vh(0),0)ga 2971 (d6).
Sd—l Sd—l
Thus, we want to set

Lo (Vg(8),0)ga =1 (d6)

“= *Joams (VR(0),0)za 71 (d6)

and to do this we need to verify that

/Sd_l (Vh(0),0)g. 971 (d0) # 0.
Assume not; that is, assume that

/Sd_l (Vh(0),0)ga #91(d6) = 0.

Then h € D' and Gr h—Ah = 0. Asin Example 1, this implies that A = 0, leading
to a contradiction and allowing us to complete the proof that m, D’ is a core for G.

Ezample 3 (Lollipop, continued). Here

Co M (B) = {f € Co(E) : f(z) = f(y) if |le|lms = [yllza > 1}
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Let

def 5
D=L e CPME) < flg0n € CHBa0N), Flun o € C2RN Bal0,1)),

thl Af(z) exists, and lirq (Vf(rd),0)ga HL(dO) exists p ;
r— 5971 r—=l Jgd-1
@it r#l

m (D) = {f € ColB) : fl g, 01y € CH(Bal0,1), fy ., € CH([1,0)),

. .1 1 .
lim  Af(z) :}{H §f(7°)—|— gf(r),

r— 541
xEBd(O,l)
d )
. d—1 _ d/2 el :
and }1}% . (Vf(r0),0)ga 507 (df) = dm®/=, (2 + 1) }I\IH f(?“)} .
Note that

(4.17) {/eC(B): Af(w) =0if lellzs > 1} C 2(H)
C(4) C 9(G).

Fix f € D'. We again have (4.13), and assumptions a) and b) hold as in Example
2. We again use (4.14), where this time

2(G) = {f € C*(B?) : Af(x) = Af(y) if ||z|lgs = ||yllwe > 1} .

Thus G° is an extension of G . Assumption c1) is clearly true. Assumption

CK(D
c2) is again true due to (4.15%1, VV(hiC)h holds for all » > 0. Assumption ¢3) holds
by the first inclusion of (4.17), and assumption c4) holds by definition of Z(G*®).
Thus 7 (D") C @(é) and, for the third time, Gr, f = G¢J.

We also clearly have that D’ is dense in C'g}’A(E). Fix ¢ € C’gj’A(E) and A >0
and solve

LAG(e) < Agi() = ple), w € Ba0,)

gi|Sd—1 = 0’

1

§Ahl(l‘) - /\hl(l‘), =0, S Bd(O, 1),
hi|5d—1 =1L

Now let ¢' € Cy([1,00)) be such that ¢(z) = ¢'(||z||ga) when ||#||ge > 1. Then we
also solve the PDE’s

LI+ o) () =), e
9o(1) =0,
A o) =9,
“ho(r) + %ho( ) = Aho(r) =0, P> 1,
ho(1) = 0,
g, holr) =0
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By standard PDE results, g; and h; exist and are in C%(B4(0,1)) and g, and h,
exist and are in C?([1,00)). Define now

fa) { 9i(2) + Chi(w), if & € Ba(0,1),
golllellea) + Cholellzs), if lfellms > 1,

where C'is a constant to be determined. Clearly f € C'g}’A(E) and f € C?(By(0,1))U
C?(R%\ B4(0,1)). By standard calculations, we again have (4.16) on R2\ S9! so
indeed lim,, ¢ ga-1 Af(z) exists. Set now

cgsiT!

Gi ¥ lim (Vgi(r0), )5 A (d0),
r /1 gd—1

H; < lim (Vhi(r0),0) 54 7 (d0),
r /1 Jga-1

def d/2 é . .
G, = dr*?, (2 +1) }{ggo(r),
e d L
H, def dril?, (— + 1) lim A, (7);
2 r\(1

by some standard PDE calculations (see [Sow02]), these limits exist. We now need
to check that G; + CH; = G, + CH,. Thus we want to set

def Gz - Go
o Tt o
Hi - Ho
and to do this we need to verify that H; # H,. Assume not; that is,~ that H;, = H,.
Then, as usual, we have found a nonzero element of D’ such that Gm.h — Ah = 0.
This is impossible, so H; # H,, allowing us to finish the proof as we did in the

previous examples.

5. EXCURSION THEORY

Suppose that the conditions of Theorem 2.13 hold. Suppose also that dz9(A) =
{&*} C F, where d51(A) = 05(E \ A) is the boundary of both ¢(A) and E \ A
in the topology of E; that is, dz9(A) is a single point #*. We want to understand
the structure of the excursions of X from z*. Note that since A is closed in the
topology of E, ¢(A) is closed in the topology of E, so, by Lemma 2.3, z* € 1/)( ).

Suppose that ™ is a regular point for X; then it is also a regular point for X. Let
¢ be the local time of X at z* , normallsed so that P* [f e~ dl s] = 1. Similarly,
let £ be the local time of X at z*, normalised so that P* [fooo s dl) = 1. It is
easy to see that the P law of £ is the same as the P¥ -law of .

By standard results of excursion theory (see [Ber96, Ch. IV] or [RW87, Ch. VI])
the paths of X under P*" can be decomposed using the local time { into a Poisson
point process on Ry x £ where £ is the space of excursion paths from xz*. That
is, £ is the space of cadlag paths e : Ry — E such that e(t) = e(h(e)) = «~ for
all t > h(e) > 0, where h(e) &t inf{t > 0:e(t) =a2* or e(t—) = &*}. This Poisson
process has intensity A ® n, where A is Lebesgue measure on Ry and 7 is the o—
finite It6 excursion measure on £. We can characterise n as follows. Let (Qt) be
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the transition semigroup of X stopped on first hitting «*; that is,

Qi(x,B) L' P*{X, eB}, BeBE) vck.

Then 7 is given by
nle €& ey, €duy, ... ep, €dug, hie) >11}
= ﬁtl(dl‘l)QtQ—tl(l‘l, dl‘z) e 'th—tk_l(l‘k—l, dl‘k)~

for 0 < t1 < -+ <t < oo, where (fit)r>0 is a certain family of measures known
as the entrance law of the excursion measure. By Theorem 2.13, Qt(l‘,B) =
Qi(r~H(z), 771 (B)) forz € E\ A and B € %’(E) such that B C F \ A; simi-
larly, Qt(a:, B) = Qt(qb(x), #(B)) for € Y(A) and B € %’(E) such that B C ¢(A).
To identify (7), let (74)es0 be the corresponding entrance law for the Tt6 excursion
measure of X. ;From [RW87, Equation VI.50.3], we have that

¥ ats gy~ U
U“Kﬂ'*f(x*)
pe* UOOO e—at dl@}

:/OOO et (K f) dt.
Thus
s (S) = /EE k(y, 7 1(S)) e (dy)

for all S € B(F). In particular, if S C E'\ A, then
w(S)= [ kS,
yek

and if S C ¢(A), then (by using (2.4))
7t (S) = ne(S).

Note the similarity between these calculations and those leading to (4.7). Hence,
X makes an excursion into P(A)\ {z*} with “probability” equal to that with which
X makes an excursion into ¢)(4)\ {z*}, and X makes an excursion into £\ A with
“probability” equal to that with which X makes an excursion into £ \¥(A). If the
excursion of X is into ¥(A), the entrance law and dynamics of the excursion are
the same as the entrance law and dynamics of an excursion of X into P(A). If the
excursion of X is into £\ A, the excursion enters ¢(E \ A) with the entrance law
of X, and then randomises over E \ A according to the kernel k.

Ezxample 1 (Spider, continued). Let 7y be the entrance measure of reflected Brow-
nian motion at 0 (that is, the entrance law of X). Then

th = ﬁt ® /,L//.
In other words, excursions choose the i'" leg of the spider with probability p" ({i}).

Ezample 2 (Ball to Sphere, continued). Here the measure 7; is concentrated on the
open ball B4(0,1). Viewing the ball in polar coordinates, the measure 7; is given
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by the product of iy and normalised (d — 1)-dimensional Hausdorff measure on the
unit sphere S4~1, where n; is the entrance law of a d-dimensional Bessel process
on [0, 1] reflected at 1.

Ezample 3 (Lollipop, continued). Here the measure 7; is concentrated on the
union of the open ball B4(0,1) and the interval (1,00). The component on (1, 20)
is just the restriction to (1,00) of the entrance law for excursions from 1 of a d-
dimensional Bessel process, and the component on B4(0,1) is, viewing the ball
in polar coordinates, the product of the restriction to (0,1) of the entrance law
for excursions from 1 of a d-dimensional Bessel process and normalised (d — 1)-
dimensional Hausdorff measure on the unit sphere S,

Ezample 4 (Skew Product, continued). Suppose that the additive functional B is
given by B; = fot b(X1) ds for some non-negative Borel function b that is bounded
in a neighbourhood of z*. Assume that the conditions of Theorem 2.13 hold.
If e is in the excursion space & for X, then e(t) = (¢'(t),e"(t)) € E' x E" for
0 <t < h(e). Tt follows from the above that the excursion law 72 can be described
as follows. The E’—valued component of the excursion is chosen according to n.
Conditional on this component being €', the E”—valued component has the law of
the process (X”(fot b(e'(s))ds) : 0 <t < h(e')) under P4, That is, the E"—valued
component evolves as an instance of X’ that is started at a random starting place
chosen according to p” and time—changed according to the clock B driven by the
E’—valued component.

6. ANOTHER EXAMPLE

Our aim in this section is to make some remarks about a process that arises
in [Sow02]. This process was the original motivation for our work. Our goal is to
generalise in a sense the process of Example 3 by using the construction of Example
4.

We first construct a (0,00) x ST process that can be thought of as an R?\
{0}-valued process viewed in polar coordinates. We will use the Skew Product

construction of Example 4 to carry out the details.

We begin with the radial part. Let X’ be a process with state space £’ def (0, 00)

that, intuitively speaking, evolves as a 2-dimensional Bessel process on (0, 1) and
as the stochastic differential equation
on (1,00), where W is a Wiener process. Formally, define two generators
def 1 = 1 .
A(e) E ) + 5 (@)
for 0 <z < 1if f € C*(0,1), and define

£5(@) = Lo @) () + b(@) (@)

for @ > 1if f € C*°(1,00), where 62 > 0 and b are both €' and bounded. Define
a scale function

o (loge, ifo<e<1,
s(z) = 7 exp {_2 IN b(z") dz’} dz, ifl<z< o0,

o2(z")
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and a speed measure

1 1
) =2 [, 55 {xon )+ e} o
for all B € #((0,00)). (see [RW87, §§46-48] for a discussion of the scale and speed

description of 1-dimensional diffusions in general, and Bessel processes in particu-
lar). We assume that s is finite on [1,00). Then we can construct a Feller process

X’ with this scale and speed measure. Let us identify a core for the generator of
X'. Define

def

(6.2) 2(G {fe(}o ((0, 00) f| 011 € C*((0,1)) f| ) € C*([1,00)),

. . . L
}% F/(r) exists and }1}% Lflr) = }1{% L5 f(r)
For f € #(G'), define

Lifr), if0<r<1,
G'f(r) ¥ L f(r), if > 1,
limr;_gl G'f(r), ifr=1.
r#£l

Then G with domain Z(G’) is a core for X'.

Now let us define the angular part. Let X” be Brownian motion on the unit
circle B " §1 and define X to be the skew product of X’ and X" with clock
B, = fo (X)72x{X! < 1} ds. The skew product lives on the cylinder F o
E" = (0,00) x S1. If we think of the E’ x E”-valued process X as being a process
on B2\ {0} represented in polar coordinates, then we see from the skew product
representation of 2-dimensional Brownian motion (see, for example, Section TV.35
of [RW8T7]) that this process evolves as 2-dimensional Brownian motion on the
(punctured) unit disk but each time the process leaves the unit disk it executes an
excursion on the ray issuing from the origin and passing through the point at which
it left the disk. This excursion is according to the dynamics of (6.1). Picturesquely,
this latter process views R?\ {0} in the same way that an ant sees a daisy: the
(punctured) unit disk is like the face of the daisy and the rays outside the unit disk
are like petals along which the ant is constrained to move, being only able get from
one petal to another by passing through the face. See Figure 4. We note in passing
that the process X has a similar flavour to the fibre Brownian motion of Bass and

Burdzy [BB0O].
To continue with the constructive steps of Example 4, we now define (2, »’

2’ for all (z/,2") € E and we define A [1 o) x S'. Thus E = ((0,1) x SY) U

[1,00). This collapses all rays in our daisy into a single ray, giving us essentially

') def

the lollipop of Figure 3. More specifically, it is easy to see that the map ¢ : £ — R3
defined by

Clre,y) & (\/1—2r—1 y/1— (2r —1)2 2r—1)
for (r,z,y) € E\ A= (0,1) x S* and

¢(r) = (r,0,0)
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FiGurEe 4. The daisy and cylinder.

for r € [1,00) = ¢(A) defines a homeomorphism between E and (S2\{(0,0,-1)}HU
([1,00) x {0} x {0}, that is, between E and the space obtained by removing the
south pole of the spherical portion of the lollipop.

Noting that normalised 1-dimensional Hausdorff measure on S! is invariant for
X" it follows from our remarks about Example 4 in Section 3 that the kernel
k((#',2"),-) given by the product of the delta measure at ' € (0,1) with nor-
malised 1-dimensional Hausdorff measure on S satisfies the relevant hypotheses.
Identifying E with the (punctured) lollipop, the corresponding operator K is just
the one given by (3.1). Our ant wanders on the spherical surface of the lollipop, and
each time it encounters the base of the stick it can either execute a 1-dimensional
excursion on the stick or execute an excursion on the sphere with a uniformly chosen
“initial direction”.

We finish by defining a core for the generator of X. The development is similar
to Example 3 if we were to write those calculations in polar coordinates. Here

CYMNE)={f e Co(E): f(r,0) = f(r,0) for all @ and ¢ in S if 7> 1}.

Let

def
D E{F e CPAE) g € CH0. 1) x 1),

Pl ey € C*(156) x 5V,

. 1 . 1
}1}% Lf(r0) + ﬁAgf(r, 0) = }1{% L f(r,0")or all 6,0 € S,
1 of

and lim —

r 127 Jg1 Or

—(r,0) 1 (dO) = li\rﬂ g—f(r, ¢') for all ¢’ € Sl} ;
r r
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then
={recu(®):
f|(0 1)XSlis the restriction of a function in C*((0, 1] x S*),
Il ,eey € C2(01,20)),
}1}% Lf(r0) + #Agf(r, 0) = }I\IH L f(r) for all 6 € S*
. 1 6f 1 1 y
and }1}% o . 3_r(r’ 0) 5" (do) = gl\rﬂf (r)¢.

Note that

(6.3) {f602 )t Fliogesn € C2((0,1] % SY), fly ) esr € C7([1, 00) x 51,
lim %4 (r,0) + 5Aef(r, 8) =0 forall 8 € 5",
and L f(r,6) =0if r > 1} C 2(H).

Fix f € D'. It is clear that

(6.4) WS 0) = KF() = 5o [ 5 0) (i)

o

for all r € (0,00) and @ € S'. It is clear that assumption a) of Proposition 4.1
holds. By the nature of the Skew Product process and recalling (6.2), we have that
9(G’) C @(G), so it is also clear that assumption b) of Proposition 4.1 holds. We
now define

L, 0) + 55N f(r,0), i (r,0) € (0,1) x ST,
(6.5) Gf(r,0) £ L f(r,0), if (r,0) € (1,00) x S,
hmr;,ll G f(r,0), if (r,0) € {1} x S,
for all f in
7(G°) = {f € Co(E) : fl g pesr € C7((0,1] x 51),

i oy € C2(0,0) 87,
. 1 . 1
}g‘qglf(r, 0) + ﬁAgf(r, 0) = }{ngf(r, ) for all # € S°,

and %, f(r, -) is constant on S* for each r > 1} .

Assumptions cl), ¢3), and c4) of Proposition 4.1 hold, and an easy calculation
(involving an integration by parts on S') shows that assumption c¢2) also holds.

Thus indeed 7, (D') C @(é) and, as usual, Gr. f = G¢F.
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We also clearly have that D’ is dense in C'g}’A(E). Finally, fix ¢ € CO(E) and
A > 0. Solve

1
Lgi(r,0) + ﬁAgf(r, 0) — Agi(r,0) = o(r,0), (r,0) € (0,1) x St

gl(la ) = Oa
glhi(ra 6) + #Aehi(ra 6) - Ahi(ra 9)’ = 0’ (7”, 6) € (0’ 1) X Sl’
hi(l, ) =1
and
L590(r) = Ago(r) = @(r),  r>1,
go(l) = Oa
Jim go(r) =0,
Loho(r) = Aho(r) =0, 7> 1,
ho(1) =0,
Jim ho(r) =0

By standard PDE results, g; and h; exist and are in C?((0,1] x S') and g, and h,
exist and are in C?([1,00)). Define now

f(l‘) d_ef gi(ra 6) + Chi(ra 9)’ lf (7“, 6) € (0’ 1) X Sl’
N go(r) + Cho(r), if r > 1.

We then proceed as before, showing that
o1 Oh;
lim —
r 127 Jg1 OF

(r,0)51 (d0) + lim o (7).

7. TOPOLOGICAL LEMMAS

Here we prove several topological results that we have used. To clarify our
arguments, we will let 7, 75, and 75 be, respectively, the topologies on F, I,
and E.

Proof of Lemma 2.3. Assume first that x € F\ A. Fix N € Zg such that z € V.
Then N’ d:ef./\fﬂ(E\A) € Ty, and n 1 (N') = N € Tg, so N € F;. Thus
z, € N’ for n large, so z,, € E\ A for n large and z, € N for n large. Therefore
lim, .. ep\a Tn = x in Tg, this limit existing.

Assume next that @ € (A). Fix N € F such that + € N. Set N/ def
(E\NA) Ny~ HN) U (A)NN) CE. Then 7= 1(N') = ¢y=1(N) € Tg (since ¢
is continuous). Thus N € Z5, and hence z, € N for n large. If (z,) is in E'\ A,
then z,, € =1 (N) for n large; that is, ¢(z,) € N for n large. Thus lim, ¢ (z,) = =
in 7. If (xy,) is in ¥(A), then x,, € N for n large, so lim, x, = z in F. a

Lemma 7.1. The map ¢ is continuous.

Proof. The proof uses Lemma 2.3. Fix a sequence (x,) in E that converges in Jg
toz € E. We will extract a subsequence (#y, ) such that limg ¢(z,,) = ¢(x) in F.

Assume first that € £\ A. Then by Lemma 2.3, limy, ., ¢ p\a n = # in Tg.
Thus there is a subsequence (z,,) contained in F'\ A with limy z,,, = z (in Tg), so
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since ¢ is continuous, limy ¢(zy, ) = limg (2, ) = ¥(2) = ¢(x), this limit existing
n 9E

Assume next that @ € ¢/(A). Then there are two subcases. In the first subcase,
there is a subsequence (2, ) contained in ¢(A). By Lemma 2.3, we then have that
limy z,, = 2 in Fp; thus limy, ¢(xy, ) = limg 2,, = & = ¢(x) in Fp. In the second
subcase, there is a subsequence (z,,) contained in F'\ A. By Lemma 2.3, we then
have that limy 9(x,,) = « in Fp; thus limg ¢(2,,) = limg ¢(2,,) = 2 = ¢(x) in
T O

Lemma 7.2. If f € Co(E), then ¥* f € Co(E).

Proof. Because 9 is continuous, © % f = f o 4 is also continuous. Fix L > 0.

To complete the proof we need to show that H Lf {le € B |9 f(x)] > L} is

compact (in Zg). Defining H = {x € E: |f(x)] > L} (this set is compact because
fe CO(E) ), we have that H = {# € F: ¢(x) € f[} = w_l(lf]) Our assumption
that pre-images of compact sets through ¢ are compact ensures that H is indeed
compact. (I

Lemma 7.3. If f € CO(E), then ™ f € Co(E).

Proof. Since 7 is continuous by definition of J5, we know that #*f = fox is

certainly continuous. To see that in fact 7*f € Cy(FE), fix L > 0 and define

o {e € E . |7*f(x)] > L}; we need to show that H is compact (in Zg).

Since 7* f is continuous, we at least know that H is closed (in Zg). Define now

o {z € E: |f(z)| > L}. Since f € CO(E), we know that H is compact in Tg.

Our immediate goal is to show that H C ¢~(¢(H)).

First, fix # € H such that + € E\ A. Then n(2) = z, and thus |f(z)| =
|f(m(2))| = |7 f(x)| > L. Consequently, z € H. Also, é(x) = ¢(x), so Y(x) =
é(x) C (b(f]), ensuring that x € 1/)_1(415(1{]))

Next, fix next « € H such that x € A. Then n(x) = ¢(x), and thus |f(¥(z))] =
|f(m(x)| = |7 f(x)] > L, so z def ¢(x) is in H. Since z € ¥(A), we have that
é(z) = z. Thus ¢(z) =z = ¢(z) C (b(f]), ensuring that ¢(z) € (/)(lff)

Because ¢ is continuous (Lemma 7.1) and H is compact in % (because f €
CO(E)), (/)(lff) is compact in 7. Our assumption that pre-images of compact sets
through # are compact then ensures that 1/)_1(415(1{])) is compact. Hence H is a
closed subset of a compact set and 1s therefore compact. a

Lemma 7.4. If f € Co(E), then ¢*f € Co(E).

Proof. By Lemma 7.1, we know that ¢*f = fo¢ is continuous. Fix L > 0 and define

i {z € E: |¢* f(x)] > L}; we need to show that H is compact. Since ¢*f is

continuous, we at least know that H is closed. Next, define H Lf {e e E: |f(z)] >
L}. This set is compact because f € CO(E). We will show that H C 7T(1/)_1(f]))
Indeed, fix z € H. If z € E\ A, then ¢ = n(z) and |f(¢(2))| = |¢* f(x)| > L, so
x € w_l(lf]) Thus z = m(z) C 7T(1/)_1(H)) On the other hand, if € ¥(A), then
z = ¢(z) = n(z) for some z € A, and |f(x)| = |¢*f(x)| > L. Thus ¢(z) =z € H,
so z € w_l(lf]) and » = 7(z) C 7T(1/)_1(H)) Thus indeed H C 7T(1/)_1(H)) By
the assumption that pre-images of compact sets through ¢ are compact, w_l(lf])
is compact since H is compact. Hence 7T(1/)_1(f])) is the image of a compact
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set through the continuous mapping m, and therefore it, and consequently H, is
compact. (I

Lemma 7.5. If f € Cy(E; A), then 7. f € CO(E).

Proof. First, let us prove that #.f is continuous. Fix a sequence (z,) in E that
converges in Jg to x € E. We will show that there is a subsequence (2, ) such
that limg (7. f)(2n,) = (7 f)(z). There are two cases to check; when # € E\ A
and when z € ¢¥(A).

Assume first that « € E\ A. Then by Lemma 2.3 there is a subsequence
(n,) contained in E \ A such that limy z,, = # in Zg. Since f is continuous,
limy, Ty f(2n, ) = limyg [z, ) = f(z) = 7 f(2).

Assume next that © € ¥(A); then #.f(z) = 0. By Lemma 2.3, there is a
subsequence (z,,) contained in either ¢/(A) or E'\ A. In the first case, where (z,,)
is a subsequence contained in ¥(A4), we immediately have that limg (7. f)(2n,) =
lim 0 = 0 = (7. f)(2). Consider next the second case, where (z,,) is a subsequence
contained in F '\ A. Then, by Lemma 2.3, limy ¢(z,,) = . Now let us take a
further subsequence (l‘nkj) such that (l‘nkj) converges in the topology of the one-

point compactification of E. If the limit point is in F, then x* def lim; ®,,, exists
(this limit being in Jg), and by continuity of ¢, ¢(z*) = lim; 1/)(xnkj) =z é P(A).
Thus z* € ¢~ ((A)) = A. Since f € Co(E; A), lim; 7, f(2n, ) = limj f(2n,.) =
f(z*) = 0. If the limit point of (x,, ) is at infinity, then V\;e use the fact ]that
I € Co(E; A) C Co(E) to see that lim; 7. f (2, ) = lim; f(zn, ) = 0.

Next, we need to prove that in fact 7.f € CO(E). Fix L > 0 and consider
the set 7 < {x € E : |#.f(2)| > L}; we need to show that H is compact (in

). Since 7, f is continuous, we at least know that H is closed. Define now

H d:efN{x € FE : |f(x)| > L}; then H is compact (in Zg) since f € Cy(E; A). Fix

z € H. Then # € E\ A, so z = w(x) and |f(x)| = |F«f(x)| > L. Thus « € H, so
¢ =m(x) C m(H). Hence H C m(H), and 7(H) is compact since it is the image of
the compact set H through the continuous mapping 7 (recall that 7 is continuous
by definition of 7). Thus H is compact. a

Finally, we have:

Proof of Lemma 4.2. First, it is clear that F*CQ(E) C C'g}’A(E).

To proceed, fix f € C'g}’A(E). Since 7E = I (that is, 7 is surjective), we define

' E—>Rby

S(r() E f@),  wel
It is easy to see that, by definition of C'g}’A(E), /! is well-defined. We want to show
that f' € CO(E). To do so, fix a sequence (z,) in E that converges in Tstox € E.
We will extract a subsequence (z,,) such that limy f'(zy,) = f(2). This will show
that f’ is at least continuous.

Assume first that z € £\ A. Then, by Lemma 2.3, lim,,.; ep\a 2, = & in
T Since f € Co(£), we have that lim, ., ema f/'(#n,) = im0 ep\a f(2n,) =
f(@) = f'(x).

Assume next that @ € ¢/(A). Then there are two subcases. In the first subcase,
there is a subsequence (2, ) contained in ¢(A). By Lemma 2.3, we then have that
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limg #,, = « in J5. Since the x,,’s and z are all in )(A), we can find (z},,)
in A and z’ € A such that ¢(x},,) = #,, and (z’) = z. Since the pre-images
of compact sets through ¢ are compact, we can then find a further subsequence

def ;. . . . .
(x7,, ) such that «” = lim; x], exists in Fg. Since A is closed, 2" € A. Because
7 7

Y is continuous, ¥(z") = lim; ¢ (2], ) = lim; T, = T, this limit being in 7.
Thus lim; f’(a:nkj) = limy f(,, ) :]f(a:”) = fi(x(") = f' (W) = f'(x). In
the second subcase, there is a sébsequence (#n,) contained in F'\ A. By Lemma
2.3, limy ¢ (x,,) = « in Fp. Because pre-images of compact sets through 1 are

compact, we can then find a further subsequence (l‘nkj) such that 2/ & lim; Tn,,

exists in Jg. Because ¢ is continuous, we thus have that ¢(2”) = lim; 1/)(xnkj) =z
Hence lim; f'(wn, ) = limj f(wn, ) = f(2") = f'(x(2")) = /(¥ (")) = ['(2).

We next need to verify that [’ & CO(E). Fix L > 0 and define i & {z € E:

|f'(z)| > L} and H = {e € E: [f(z)] > L}. Since f € Cy(E) by assumption,

H is compact (in Fg). We note that 7H = H and so, since 7 is continuous, H is
compact.

We now know that f' CO(E) C B(E) Clearly 7* f' = f, so we now know that
Cg’A(E) C F*CQ(E). Thus in fact Cg’A(E) = F*CQ(E). Hence #* is a surjection
of CO(E) onto C'g}’A(E).

To finish, we need to check that 7* is also injective. Assume that 7 f; = 7% f5
for some f; and f5 in CO(E). Since 7 is a surjection, we know that in fact f1 = fo.
This completes the proof. a
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